Due to a long-range resistive wake, the closed orbit in high-intensity circular accelerators may experience an unstable drift. Unlike the conventional betatron instabilities, this closed orbit instability is not sensitive to the spread of the betatron frequencies. For bunched beams, feedback appears to be the only way to stabilize the closed orbit above threshold. This new instability can be significant for long, high intensity rings.
BASIC PHYSICS
To begin, consider the simple model of a single macroparticle inside a homogeneous chamber. Taking into account the accumulation of the wake field, the transverse equation of motion can be written (see [1] ): , (1) where N is the number of particles, r 0 is the particle's classical radius, W(z) is the wake function, 
In this case, the dispersion equation (3) 
where b ν is the betatron tune. There are several interesting features of this solution. First of all, it describes a term in an infinite sequence of eigenfrequencies, indexed by the arbitrary integer n. In fact, all these modes describe the multi-turn dynamics of the wake fields, and the number n is associated with the n-th spatial harmonic of the wake field expansion over the ring azimuth
. When the number of particles is small enough, all these modes decay as the field decrement λ , some of them being slightly faster, and some slightly slower. The value λ i − can be considered as a single-particle "frequency" of the drift modes, while the intensity-dependent part in the right hand side of Eq. (5) gives their coherent "tune shifts". When the beam intensity increases, the decrement of the most long-lived mode approaches zero, and at a certain current this mode becomes unstable. This threshold intensity is calculated from Eq. . In other words, the same dispersion equation (5) and threshold condition (6) describe single-bunch, multi-bunch, and coasting beams.
One further important point is the independence of these drift modes on the spread of the betatron frequencies. For bunched beams, neither the spread of the revolution frequencies nor synchrotron motion matter. For a coasting beam, however, the spread of the revolution frequencies 
where the wake decrement was assumed to be small enough,
. The betatron tune shift (7) is almost exactly opposite to the coherent tune shift of the closed orbit mode of the same number, given by Eq. (5). This means that the stability conditions for these two types of modes are opposite: where the betatron mode is most stable, the drift mode is most unstable and vice versa. Note that this equality of the coherent parts of the betatron and drift modes is specific to the exponential wake function, introduced above as a simple model. In fact, however, this exponential function is more than just a simple model: it describes a resistive wall wake in the long-range limit, as we discuss below.
DRIFT EQUATION IN GENERAL CASE
In this section, we derive an equation for drift modes with arbitrary impedance and lattice functions. As was pointed out above, the behaviour of the drift modes does not depend on the beam bunching. Here, the calculations are carried out for a coasting beam. Then, for the specific case of a homogeneous wake function and smooth focusing, the result is shown to be identical to the macroparticle beam of the previous section, Eq. (3).
To begin, consider the case of a long-range wake function generated by a localized element at a specific azimuth of the storage ring. This is opposite to the previous section, where the wake function was assumed to be homogeneous around the orbit. At the location s′ , where the wake field is located, each particle is kicked by an angle 
IMPEDANCE OF RESISTIVE WALL
Conventionally, the resistive wall impedance is calculated assuming that the skin depth
is much smaller than the wall thickness d. This assumption can be incorrect for slow drift modes, and Proceedings of EPAC 2002, Paris, France especially for a thin metallic coating, where the skin depth can be larger than the metal thickness. For infinite vacuum outside the metal chamber, the impedance per unit length is found to be (see Ref. [3, 5] ) 
Note that this result is independent of the wall conductivity. The reason is that at threshold, only the zero-frequency impedance matters, which describes static image charges, independent of the conductivity, and the image currents of the surrounding magnet enter through the parameter 1 ≅ g .
PRACTICAL EXAMPLES
In this section, the closed orbit instability is examined for several high-intensity rings. [6] with the circumference 233 km, the betatron tune 214, the fractional betatron tune 0.5 (taken as an example), the vacuum chamber radius 0.9 cm, and the relativistic factor γ=1000 at injection, the threshold occurs at 4.9*10 14 protons, i.e. two times less than the design number of protons.
In reality, the threshold could be smaller than the smooth approximation result of Eq. (15), depending on beta function beating and the wake localization, see Eq. (12); this is considered in detail in Ref. [4] .
CONCLUSION
The drift instability of the closed orbit described here can be dangerous for high-intensity rings. The instability rate is highest when the working point is chosen slightly above the integer resonance, where the conventional betatron modes for the resistive wall impedance are most stable. There are no chromaticity effects or Landau damping for the drift modes, because they are not coupled to the betatron oscillations. High intensity machines can be examined theoretically for the closed orbit instability by solving the dispersion equation derived here for arbitrary lattice functions and impedance distribution.
